Cross-intersecting integer sequences 



Peter Borg 



Department of Mathematics, University of Malta 
p . borg . 02(9cantab . net 



Abstract 

We say that a sequence {ai,a2, ■ ■ ■ ,an) meets a sequence (bi,b2, ■ ■ ■ ,bn) if 
= bi for some i in {1, 2, . . . , n}. For any integers ci, C2, . . . , with 1 < ci < 
C2 < • • • < Cn, let »S'(cj^c2, .••,£„) be the set of all integer sequences of the form 
(ai, 02, . . . , ttn) with 1 < < Cj for each i in {1, 2, . . . , n}. We show that if A 
and B are subsets of S(^ci,c2,...,cn) such that each sequence in A meets each sequence 
in B, then the product of the sizes of A and B is at most (ciC2 . . . c„)^/ci^. The 
bound is attained if each of A and B is the set of all sequences in S(^ci,c2,...,cn) whose 
first entry is 1. We obtain this result by proving a cross-intersection theorem for 
weighted sets that is of independent interest and that enables us to generalise the 
result in various desirable ways. 



1 Introduction 

Unless otherwise stated, we shall use small letters such as x to denote elements of 
a set or non-negative integers or functions, capital letters such as X to denote sets, 
and calligraphic letters such as J-" to denote families (i.e. sets whose elements are sets 
themselves). It is to be assumed that arbitrary sets and families are finite. We call a 
set A an r-element set, or simply an r-set, if its size \A\ is r (i.e. if it contains exactly 
r elements). For a set X, the power set of X (i.e. the family of all subsets of X) is 
denoted by 2^, and the family of all r-element subsets of X is denoted by (^). The 
set {1, 2, . . . } of all positive integers is denoted by N. For any integer n > 1, the set 
{1, . . . ,n} of the first n positive integers is denoted by [n]. 

We will represent a sequence ai, . . . , by an ordered ra-tuple (ai, . . . , a„). We will 
say that a sequence (ai, . . . , a„) meets a sequence (6i, . . . , 6„) if = hi for some i in [n]. 
For any positive integers Ci, . . . , c„, let «S'(c^,...,c„) denote the set of all integer sequences 
(ai, . . . , a„) such that 1 < cij < Q for each i in [n]; that is, 

5'{ci,...,c„) = {(fli, . . . , On) : flj e [ci] for each i G [n]}. 

So S'(ci,...,c„) is the Cartesian product [ci] x ■ ■ ■ x [c„]. 

The following is our first result, which we will prove in Section HI 
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Theorem 1.1 //ci, . . . , c„ are integers, 1 < Ci < ■ ■ ■ < Cn, A, B C S(^ci,...,cn)> '^^^ each 
sequence in A meets each sequence in B, then 



\A\\B\ < 



\S(cx,...,Cn)\ 

Cl 



and equality holds if A = B = {{ai, . . . , an) € S, 



(ci,...,c„) 



: ai = 1}. 



This is a consequence of a resuh that we prove in Section 12] and that aUows us to 
generahse this significantly for ci > 3. 

For any positive integers Ci,...,c„, let P[ci,...,c„) denote the set of all integer se- 
quences (ai, . . . , a„) such that < < Cj for each i in [n]; that is, 

P{cu...,cn) = {{ai, . . . , a„) : flj G {0} U [q] for each i G [n]}. 

So -P(ci,...,c„) is the Cartesian product ({0} U [ci]) x ■ ■ ■ x ({0} U [c„]). For any r G [n], 
let P^'~J^-' ^ ^ be the set of all sequences in P(ci,...,c„) that have exactly r non-zero entries; 
that is, 



(Cl,...,C„) 



{(ai,...,a„) G P(ci,...,c„): |{« e cti 7^ 0}| = r} . 



We will call a sequence in 
Note that S(^ci,...,c„) 



(Cl,...,C„) 



(r) 

(ci,...,c„) 



an r-partial sequence or simply a partial sequence. 



In general, we will say that (ai, . . . , am) meets . . . , 6„) if a, = 6j for some i 
(where obviously i is at most the minimum of m and n). We will say that (ai, . . . , a^) 
meets . . . , 6„) properly if aj = 6j 7^ for some i 

In Section m we will also prove the following general result. 



Theorem 1.2 Let ci, . . . , Cm, di 
3 < (ii < ■ ■ • < (in- Let r G [m] c 

sequence in A meets each sequence in B properly, then 



dn be integers such that 3 < Ci < ■ ■ ■ < and 

^"■^ B C Pj-'J , and each 



3<d,<---<dn. Letre[m] and s E [n]. If A C P(,^^ ..^,^), ^ ^ . 



UIIPI < 



E n 



( 



\ 



and equality holds if A = {(oi, . . . , a^i) G Pj^^^ ^ ^ : Oi = 1} and B = {(61, ... , 6„) G 



P 



is) 



{di,...,dn) 



: &1 = 1}. 



m 



n and 



Thus, for Cl > 3, Theorem 11.11 is the special case when r = s 
(ci, . . . , Cm) = {di, . . . , dn)- In general. Theorem 11.21 does not hold for Ci = 1; in- 
deed, if Ci = ■■■ = Cm = di = ■■■ = dn = 1, rn = n and m/2 < r = s < m, then any 

(r) (r) 

two sequences in P^^^ ^ ^ meet properly, and hence we can take A = B = P^^^ ^ y 
The case when ci = 2 or di = 2 needs special treatment and will be dealt with in a 
forthcoming paper. 

Each of Theorems ll.ll and ll.2l generalises to one for any k > 2 subsets. Theorem ll.il 
generalises as follows. 
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Corollary 1.3 Ifci,...,Cn are integers, I < Ci < ■ ■ ■ < Cn, Ai, . . . , Ak C S'(ci,...,c„), 
and for any p,q & [k] with p ^ q, each sequence in Ap meets each sequence in Ag, then 



and equality holds if Ai = ■ ■ ■ = A^ = {(ai, . . . , a^) G S(^ci,...,c„) : ai = 1}. 

The proof of the above corollary is the same as the one below for the generalisation 
of Theorem 11.21 

Corollary 1.4 Let ci^i, . . . , Ci^^u ■ ■ ■ , Ck^i, ■ ■ ■ , Cfc^„j., ri, . . . , be integers such that for 



each i e [k], 3 < q,i < ■■■ < Ci,„,. and Ti G [rij]. If Ai C 



■ ■■.Ak C 



P^'^^'^ and for any p, q G [A;] withp ^ q, each sequence in Ap meets each sequ 

in Aq properly, then 

k k ( \ 



ence 



n 1-4.1 <n 



i=l i=\ 



and equality holds if Ai = {(oi, . . . , a„-) G P(^^'\ c .) • '^i ~ /^'^ eac/i i G [k\. 

Proof. For each i G [k], let Xj = \Ai\ and ?/j = |{(ai, . . . , a„.) G c ) • '^i = 

By Theorem ll.2[ XpXg < ypyq for any p,q E [k] with p ^ q^ Let mod* be the usual 
modulo operation with the exception that for any two integers s and t > 0, [st) mod* t 
is t instead of 0. We have 

'' k \ *^ 

mod* fc'''4mod* k) ' ' ' (a;(2fc-l)mod* kX(2k)mod'k) 
< (l/ll/2)(Z/3mod*A;l/4mod*fc) ■ ■ ■ (l/(2A:-l)mod*fcl/(2A:)mod*fc) = ^11^* 

and hence HiLi ^ IlLi Hence the result. □ 

The above results can be re-phrased in terms of families of sets as follows. 

We say that a set A intersects a set B if A and B contain at least one common 
element (i.e. A fl i? 7^ 0). If ^1, ... , Ak are families of sets such that for any i and j in 
[k] with i ^ j, each set in Ai intersects each set in Aj, then Ai, ■ ■ ■ , Ak are said to be 
cross-intersecting. 

(r) 

For any positive integers Ci, . . . , c„ and r, let C^J^ ^ ^ denote the family of all sets 
{(iijOiJ, . . . , such that ii, . . . , v are distinct elements of [n], and Oj. G [cj ] 

for each j in [r]; that is, 

/^(^.....c^) = |{(^i>an),---,(v,aij}: {zi,...,^} G ^ij ^ [qJ for each j G [r]|. 



We call a set in ^ ^ a labeled set. We may abbreviate ^ ^ to £(ci,...,c„); note 

that £(ci,...,c„) = {{(1, oi), . . . , (n, a„)} : G [q] for each i € [n]}. 

Remark 1.5 There is an obvious one-to-one correspondence between P^^^ ^ ^ and 

i^l^l ^ ^. Indeed, let /: P^^j ^ ^ — )• ^ ^ be the function that maps any sequence 

(ai, . . . , a„) in P^^J^-* ^ ^ to {(i, Oj) : i G [n], aj 7^ 0}; then / is a bijection. Moreover, 

a sequence a in pI^^^ ^ ^ meets a sequence b in P^*"^^^ ^ ^ properly if and only if the 
corresponding sets A = {(ii, a^J, . . . , (v, a^J} and B = {(ji, fo^J, . . . , (j^, fo^J} inter- 
sect, where Oj^, . . . , and bj-^, . . . , bj^ are the non-zero entries of a and b, respectively; 
indeed, A and B intersect if and only if [ip^ai^) = {jg,bj^) for some p and q, and by 
the definition of a tuple, {ip, ai^) = {jg, bj^) if and only if ip = jg and a^^ = bi^. 



Therefore, Corollarv 11.31 can be re-phrased as follows. 

Theorem 1.6 If Ci, . . . ,Cn are integers, 1 < Ci < ■ ■ ■ < c„, Ai,...,Ak C C(ci,...,c„), 
and Ai, . . . , Ak are cross-intersecting, then 



< 



(ci,...,c„) I 




1=1 ^ 

and equality holds if Ai = ■ ■ ■ = Ak = {A G >C(ci....,c„) • (1) 1) G A}. 

The analogous result for the maximum sum of sizes of A; > 2 cross-intersecting 
sub-families of £(ci,...,c„) is given in [Ij. The problem of determining the maximum sum 
or the maximum product of sizes of cross-intersecting sub-families of a given family J-" 
has recently attracted much attention; [2] provides some general results and outlines 
most of the known results for various important families J-". 

As explained in Remark II. 5[ Corollary 11.41 is equivalent to the following general 
cross-intersection result. 



Theorem 1.7 Let Ci,i, . . . , Ci^^j, . . . , Cfc,i, . . . , Cfc,„^, . . . , be as in Corollary\r^ If 



Ai C ci^j'^ ), ■ ■ ■ ,Ak ^ ci'y^ s, and Ai, . . . ,Ak are cross-intersecting, then 



k 



n 1-4-1 sn 

i=l i=l 



and equality holds if Ai = {A G -^1^'^^ ^_ y. (1, 1) G A} for each i G [k]. 



We now start working towards the proofs of Theorems 1 1.1 1 and 1 1.21 The next section 
is dedicated to some basic results we need about the compression operation, which is 
a very useful tool in extremal set theory. Then, using compressions, in Section |3] we 
prove a cross-intersection result for weighted sets, and from this we obtain the proofs 
of Theorems 11.11 and II. 2^ given in Section |H 
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2 The compression operation 



For any i,j G [n], let Sij : 2'"] — i- 2l"l be defined by 

5. .(A) = / (^\{^'}) U if J e A and t i A- 
^'■^ \ A otherwise, 

and let Aij : 2^'"' ^ 2^'"' be the compression operation (see [3]) defined by 

Aij{A) = {Sij{A) : AeA, 5ij{A) ^ A} u {A e A: Sij{A) e A}. 

Note that |Aj ,,(^)| = \A\. |1] provides a survey on the properties and uses of compres- 
sion (also called shifting) operations in extremal set theory. We will need the following 
basic result, which we prove for completeness. 

Lemma 2.1 Let A and B be cross-intersecting sub-families of 2^'^\ and let i,j E [n]. 
Then Aij{A) and Ajj(i5) are cross-intersecting sub-families o/2t"l. 

Proof. Suppose A G Aij{A) and B G Aij(i3). If A G ^ and B e B, then AnB 
since A and B are cross-intersecting. Suppose A ^ A ot B ^ B; we may assume 
that A ^ A. Then A = 6ij{A') ^ A' for some AeA. So i ^ A', j e A', i e A 
and j ^ A. Suppose AnB = i. So i ^ B and hence B e B. So B e B n Aij{B) 
and hence B, 5ij{B) e B. So A' n 5 ^ and A' n 5ij{B) ^ 0. From AnB = $ and 
A'nB 7^ we get A'nB = {j}, but this yields the contradiction that A'r]6ij{B) = 0. □ 

If i < j, then we call Ajj- a left- compression. A family J-' C 2^"'^ is said to be 
compressed if Aij{J^) = T for any z, j G \n\ with i < j. In other words, T is compressed 
if it is invariant under left-compressions. Note that T is compressed if and only if 
(F\{j}) U {z} G whenever \ <i < j E F E 7 and i G [r;.]\F. 

Suppose a sub-family ^ of 2^"' is not compressed. Then A can be transformed to 
a compressed family through left-compressions as follows. Since A is not compressed, 
we can find a left-compression that changes A., and we apply it to A to obtain a new 
sub-family of 2["1. We keep on repeating this (always applying a left-compression to 
the last family obtained) until we obtain a sub-family of 2'"! that is invariant under 
any left-compression (such a point is indeed reached, because if Aj ,,(J-') 7^ C 2["'l 
and z < J, then < EGgA,:,,(.F) E^eG ^ < Efs^ EaGF «)■ 

Now consider i3 C 2'"] such that ^ and B are cross-intersecting. Then, by 
Lemma 12.1^ we can obtain A*,B* C 2["1 such that A* and are compressed and 
cross-intersecting, |^*| = |^| and \B*\ = \B\. Indeed, similarly to the above procedure, 
if we can find a left-compression that changes at least one of A and B, then we apply 
it to both A and B, and we keep on repeating this (always performing this on the last 
two families obtained) until we obtain A*,B* C 2^"'^ such that both A* and B* are 
invariant under any left-compression. 
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3 A cross- intersection theorem for weighted sets 



Let denote the set of non-negative real numbers. For any non-empty family J-", any 
function w: T ^ (which we call a weight function), and any ^ C J^, we denote the 
sum '^y^(zj\^w{A) (of weights of sets in A) by w^-^^A). Note that if A is empty, then 
w^'^\A) is the empty sum and we will adopt the convention of taking this to be 0. 

If x is an element of a set X and J-" C 2"^, then we denote the family {F G J-": x G F} 
by J^{x). 

A family H is said to be hereditary if for any if G all the subsets of H are in 
H. Thus, a family is hereditary if and only if it is a union of power sets. 

Theorem 3.1 Let m,n G N. Let ^ ^ G C 2H and ^ ^ H C 2^ such that G and H 
are hereditary and compressed. For each T G {Q,l-i\, let Wjr: T — t- such that 

(a) wjr{A) > 2wjr{B) for any A,BeJ^ with AC B, and 

(b) Wjr{Sij{C)) > Wjr{C) for any C and any i,j G [max{m, n}] with i < j. 

Let g = wg and h = w-^. If A C Q and B C'H such that A and B are cross-intersecting, 
then 

g^^\A)h^^\B) < g^s\g{i))h^'^\nii)). 

Proof. By induction on m + n. The basis is m + n = 2 with m = = 1, in which 
case the result is trivial. Now consider m + n > 2. We may assume that m < n. If 
m = 1, then the result is trivial too, so we consider m > 2. If at least one of Q and 
n is {0}, then we trivially have g^^\A)h^^\B) = = g^^\g{l))h^^'>{nil)). Thus, we 
will assume that ^ ^ {0} and T-L 7^ {0}, meaning that each of Q and T-L contain at least 
one non-empty set. 

As explained in Section [2], we apply left-compressions to A and B simultaneously 
until we obtain two compressed families A* and B*, respectively, and we know that 
A* and B* are cross-intersecting, |^*| = |^| and \B*\ = \B\. Since Q and "H are 
compressed, we have A* C G and B* C "H. From (b) we obtain g^^\A) < g^^\A*) and 
h^^\B) < h^^\B*). We may therefore assume that A and B are compressed. 

Define Ho = {H eH: n ^ H} ^mdHi = {H\{n}:n eH eH}. Define ^o, ^1, A, 
Ai, Bo and Bi similarly. Since A, B, Q and l-i are compressed, we clearly have that 
A\, Bq, Bi, Qo, Qi, T-Lq and T-Li are compressed. Since Q and T-L are hereditary, we clearly 
have that Qq, Qi, T-Lq and T-Li are hereditary, Qi C Qq and Tii C "Ho- If Gi = 0, then 
g (- 2[m-i] g^j^^ hence we obtain the result immediately from the induction hypothesis. 
The same occurs if "Hi = 0. So we assume that Qi and Hi are non-empty. Since Qi C Qq 
and Til C Ho, Go and Ho are non-empty too. Obviously, we have ^0 ^ ^0 ^ 2['^~^1, 
AiCg^C 2[™-il, BoCHoC 2["-i] and B^CHiC 2["-il. 

Let ho -.Ho ^ M+ such that hoiH) = h{H) for each H G Ho- Let hi : Hi ^ M+ 
such that hi{H) = h{HU{n}) for each H G Hi (note that HU{n} G H{n) by definition 
of Hi). By (a) and (b), we have the following consequences. For any A,Be Ho with 
ACB, 

hoiA) = h{A) > 2h{B) = 2ho{B). (1) 
For any C G Ho and any i,j G — 1] with i < j, 

/io(5,,,(C)) = h{5,,{C)) > h{C) = ho{C). (2) 
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For any A,B eUi with ACB, 

hi{A) = h{A U {n}) > 2h{B U {n}) = 2hi{B). (3) 

For any C G l-ii and any i,j E[n — 1] with i < j, 

= U {n}) = hi6,jiC U {n})) > h{C U {n}) = h{C). (4) 

Thus, we have shown that properties (a) and (b) are inherited by Hq and hi. 
Since B = BoU B{n), Bq n B{n) = and B{n) = {B U {n} : B e Bi}, we have 

h^H\B) = h^'^\Bo) + h^'^\B{n)) = ho'^^"\Bo) + h'^^'^Bi). (5) 

Along the same hnes, 

= /i(^)(Ho(l)) + h^^\{H en:l,ne H}) 

= /io(^°)(?/o(l)) + h^^'^iH U{n}:He 

= ho^'^'^'Hoil)) + h^^'^^'Hiil)). (6) 

Suppose m < n. Clearly, A and Bq are cross-intersecting. Since m < n, no set 
in A contains n, and hence A and i3i are cross-intersecting. Thus, by the induction 
hypothesis, 

g'-^\A)hj^^'\Bj) < g'-^\g{l))h/'^^\'Hj{l)) for each j e {0, 1}. 
Together with ([5]) and ([6]), this gives us 

g^^\A)h^''\B) = g^^\A)ho^''"\Bo) + g^^\A)h^''^\B,) 

< g^^\g{i))h,^'^-\H,{i)) + g^^\g{i))h,^'^^\n,{i)) 

= g^^\G{l))h^^\n{l)), 

as required. 

Now suppose m = n. Similarly to Hq and hi, let go '■ Qo ^ such that go{G) = 
g{G) for each G E Qo, and let gi : Qi ^ such that gi{G) = g{G U {n}) for each 
G G ^1 (note that since m = n, G U {n} G Q{n) by definition of Qi). Then properties 
(a) and (b) are inherited by g^ and gi in the same way they are inherited by Hq and hi 
as shown above; that is, similarly to we have the following. For any A,B E Qq 

with ACS, 

go{A) > 2g,{B). (7) 
For any C E Qo and any i,j E [n — 1] with i < j, 

goikiiC)) > go{C). (8) 

For any A,B eQi with ACB, 

gi{A)>2gi{B). (9) 
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For any C E and any i,j G [n — 1] with i < j, 



(10) 



Similarly to ^ and ([H]), we have 
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^^\Q{l)) = go^'^'\Go{l))+9i^''\Qi{l)). 



(11) 
(12) 



Clearly, Aq and Bq are cross-intersecting, and since n = m, so are Aq and and 
also A\ and Eq. 

Case 1: Ai and Bi are cross-intersecting too. Then, by the induction hypothesis. 



^?.(^»)(A)/^/''^^(i3,) < <7.(^')(^.(l))/i/^^)(?/,(l)) for any i,j G {0, 1}. 
Together with ©, ©, ([II]) and ([I2]), this gives us 

g^^\A)h'^'^\B) = go'^^'HAo)ho^'^'\Bo) + go^^'\Ao)h,^''^\B,)+ 



as required. 

Case 2: Ai and Bi are not cross-intersecting. Then there exists A & Ai such that 
/I n S = for some B e B^. Let C(°) = {A G A : -4 n 5 = for some B G Bi}, 
and let Ai, . . . , be the distinct sets in C'-'^^ For each i G [k], let B^ = [n — 1]\A, 
A'i = AiU {n}, 5^' = fii U {n}. For each i G [fc], A'^ e A since G A- 

Let j G [A;]. Let Vj = {B E Bi: AjHB = (/)}. Suppose there exists B G Vj such that 
B 7^ Sj. Then 5 C [n-l]\Aj and hence [n-l]\{AjUB) ^ 0. Let c G [n-l]\(AjU5). 
Since B e B^ B U {n} G i3. Let C = 4,n(5 U {n}). Since c ^ 5 U {n}, C = 5 U {c}. 
Since jB is compressed, C G i3. However, since c ^ A^- and fl -B = 0, we have 
A'jdC = 0, which is a contradiction as A and i5 are cross-intersecting. So Vj C {-Bj}. 
By definition of Aj, Vj ^ and hence Vj = {Bj}. 

We have therefore shown that 

for each i G [A;], Bi is the unique set in Bi that does not intersect Ai, (13) 

and B'i G B (since 5^ e Bi). It follows from ([13]) that 

for each i G [A;], Ai is the unique set in Ai that does not intersect Bi. (14) 

Indeed, suppose AeAi and j G [A:] such that AnBj = 0. Then A G C(°). So A = 
for some i E [k]. By (fT3|) . Bj = B^. So i = j as Bi, . . . ,Bk are distinct. So A = Aj. 



gr^^^\Ai)h,^''^^\B,) + gr^^^\A,)hr^'''\Br) 
< go^'^'KgoilW'H'Hoil)) + go^''"\Go{lW'\n^il))+ 

^7i(^^H^i(l))^o^''"H^o(l)) + ^7i^^^n^i(l))/^i^''^^(^i(l)) 
= ^7(^)(^(1))/.(«)(H(1)), 
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Since A and B are compressed, 



for any p G — 1] and any i G [k], Sp^ni^'i) ^ -4. and Sp^niB^) £ -S. (15) 

Consider and Bi. Since n fi^ = n fii = and 5i fl A[ = 5i n = 0, 
^ ^ and El ^ i3. Let ^' = {AJ, A" = A\{A[}, B' = B\{B[}, B" = BU{Bi}. 
Since Q and H are hereditary, and since A[ E A(^ Q and B[ E B Ti, we have Ai E Q 
and 5i G 7{, and hence G ^ and B\B" G Let x = g^{A) and = g{A[). 

Let ?/ = h'^{B) and yi = h{B[). We have 

^^^H^') = a; + ^(Ai) > a; + 2g{A[) = x + 2xi, 

(7(^)(^")=a:-^7(^;)=a;-a;i, 

^(«)(F) = y-/i(5;)=y-yi, 

h^^\B") = y + h{B,) >y + 2h{B[) =y + 2y,. 

Suppose < g^^\A)h^'^\B) ajid g^'^\A")h^'^\B") < 

Then 

(x + 2xi){y — yi) < xy and (a; — xi){y + 2yi) < xy 
=^ 2xiy < xyi + 2xiyi and 2yiX < Xiy + 2xi?/i 
=^ 2xiy + 2yix < {yix + 2xi?/i) + (xiy + 2xiyi) 
^xiy + yix < 4x1^/1. 

Suppose Ai = 0. Then A'^ = {n} and 5^ = [n]. By (fT5|) . the sets {l},...,{n} are 
all in and obviously no proper subset of [n] intersects each of these sets. Thus, 
by the cross-intersection condition, B[ is the only set that is in B. So h^^\B") = 
h{B[) + h{Bi) > h{B[) + 2h{B[) = 3h{B[) = M'^\B). Since {1}, {n} G A and 
A', = {n}, we have 2giA[) < giA[) + g{5^,.iA'i)) = gi{n}) + gi{l}) < g'^^KA) and 
hence g^^^A") = g^^\A) - g{A[) > g^-^\A)/2. So we obtain g^^^{A")h^'^\B") > 
ig^^\A)/2){3h^^\B)), which contradicts g^^\A")h^^\B") < g'^^\A)h'^^\B). So A^ ^ 
0. Also, -Bi 7^ because otherwise, by the same argument, we obtain c/(^)(^>(^)(i5') > 
(3^(^)(^))(/i(^)(i3)/2), which contradicts g^^\A')h^^\B') < g'^^\A)h^^\B). Since 

^ ^ Bi, it follows by definition of Bi that [n - l]\Ai ^ and [n-l]\Bi ^ 0. Let 
a G [rz - and 6 G [n - \\\B^. Let A[ = and B'l = 5b,niB[). So A'l ^ A[ 

and B'{ B[. By 1^, A'l G ^ and B'{ E B. By (b), ^(A'/) > giA^) and > 
h{B[). We therefore have a; > xi + (7(^4'/) > 2xi and y > yi + h{B") > 2yi. This gives 
us xiy + yix > Xi{2yi) + yi{2xi) = 4xiyi, which contradicts xiy + yix < 4xi?/i. 

Therefore, either g'~^\A')h'^^\B') > g'^^\A)h'^^\B) holds or g^^\A")h'^^\B") > 
g^^\A)h^^\B) holds. If the former inequality holds, then we set A^^"^ = A' and B^^'^ = 
B\ otherwise we set A^^'^ = A" and S^^) = B". Let A^^^ = {A\{n}: ueAe A'^^'^} and 
B^^) = {B\{n}: nEB E -B^^)}. Let C^^) = {A E : A n 5 = for some B E B^^^}. 
Note that by <^ and ([H]), A^^^ and B^^'^ are cross-intersecting and C^^^ = C^^\{Ai}. 
Thus, if > 2, then the argument by which we inserted Ai to A or Bi to B, and 
removed B[ from i3 or A'^ from respectively, to obtain A^^"* and S^^^ can be repeated 
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for A2 and B2, and so on until it is finally repeated for A^. and 5^. We therefore obtain 
a family A^'^^ C Q and a family S*-'^'' C "H such that A^'^^ and i?*^'^-' are cross-intersecting, 

{A\{n}) n (5\{n}) ^ for any A G and any 5 G -B^'^) (16) 

(since we obtain C*^*^ = C^*^^^\{y4j} for each i G [/c], which inductively yields C^^^ = 
C(°)\{Ai,...,Ai} for each t G [A;], and hence C^*^) = 0), and ^(^)(^('=))/i(^)(i5W) > 
^(S)(^);i(^)(S). Let = {A G ^('^^i n ^ A} and 4"^^ = {A\{n}: neAe A^''^}, 
and define Bq^^ and iS^'^^ similarly. By (fT6l) . for any i,j G {0,1}, 4'''' and B^^^ are 
cross-intersecting. Therefore, as in Case 1, we obtain 

and hence g^^\A)h^'^\B) < g^^\g{l))h^'^^{n{l)). □ 



4 Proofs of Theorems 11.11 and 11.2 

We now define a compression operation for labeled sets. For any x, y G N, let 

^ = / if(x,y)GA; 

7x,yl/iJ ^ otherwise 

for any labeled set A, and let 

^x,y{^) = {lx,y{^) : A G A7x,3;(^) A} U {A G A: l^,y{A) G ^} 

for any family A of labeled sets. 

Note that \T^^y{A)\ = \A\ and that if ^ C £g then r^,j^(^) C It 
is easy to check that if A and B are cross-intersecting families of labeled sets, then so 
are Tx^yiA) and Tx^yiB). We prove more than this. 

The Cartesian product of two sets X and Y, denoted by XxF, is the set {{x,y): a; G 
X, ?/ G Y}. For any r G [n], let jC.^i~^^ ^ ^ denote the union [Jl^i c!"^^^ ^ y 

Lemma 4.1 Let ci, . . . , Cm, (ii, . . . , x, y G N snc/i that 1 < Ci < ■ ■ ■ < Cm, 1 < (ii < 
■ ■ ■ < dn, o-nd y >2. Let I = max{m, n} and h = max{cm, dn}. Let V ^ [l]x [[h]\{l}). 
Let A C ^g""^ ^^^^ and B C ^^^^ snc/i i/ia^ (A n B)\V ^ /or any A e A and any 

B eB. Then (c ^ D)\{V U {(i, y)}) 7^ for any C G r^,y(^) and any D G r^,j,(i3). 

Proof. Let C G r^,j^(^) and D G r^,j^(i3). We first show that {C r\ D)\V ^ 0. Let 
C = {C\{{x, 1)}) U {(x, y)] and = {D\{{x, 1)}) U {(x, y)]. If C G ^ and D e B, 
then (C n 7^ 0. If C ^ ^ and ^ i3, then (x, 1) is in both C and D, and hence, 

since (x, 1) ^ V, (x, 1) G (C H Suppose C i Aa.nd D eB. So (x, 1) G C and 

C G A If (x,y) ^ D, then, since C" G ^ and D G i3, < |(C"nD)\\/| < \{Cr}D)\V\. 
If (x,y) G -D, then •y^^y^D) G S (because otherwise D ^ ra,,^(S)), and hence, since 
C e A, < lie n rx,yiD))\V\ = |(C n D)\V\. Similarly, if C e A and D ^ B, then 

(CnD)\v^^0. 

Now suppose {Cr]D)\{VU{{x,y)}) = (!}. Since (CnD)\V^0, {x,y)ECr]D. So 
C,7,,,(C) G A D,7,,,(D) G^and |(C H 7,,,(D))\r| = |(C H D)\(V U {(x, = 0, 
a contradiction. □ 
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Corollary 4.2 Let Ci, . . . , Cm, di, . . . , dn, h, I be as in Lemma \4.1\ Let A C C^ff^'^ ^ ^ 
such that A and B are cross-intersecting. Let 



and B C ^It"'' , ^ 

— {dl,...,dn) 



A* = Ti^h O ■ ■ ■ O Ti^2 O ■ ■ ■ O T2,h O ■ ■ ■ O 12,2 ° ^l,h 0---0 ri,2(^), 
B* = Ti^h O • ■ ■ O Ti2 O ■ ■ • O T2,h O ■ ■ ■ O 12,2 ° ^l,h 0---0 ri,2(i3). 

Then AnBn ([/] x [1]) ^ for any A e A* and any B G B* . 



Proof. Let Z = [/] x ([/i]\{l}). By repeated application of LemmallH {AnB)\Z ^ 
for any A e A* and any B eB*. The result follows since {A n B)\Z = A n B n {[I] x 

[I])- □ 

Let 6ij be as in Section |2l For any set X and any r G N, let (^^) denote the family 
{ACX:\A\<r}. 

Lemma 4.3 Let Ci,...,c„ G N such that 3 < Ci < ■ • • < c„. Let r G [n]. Let 
w: (g) -> N such that for any A G (g), 



w{A) 



LG4;_,„):Ln(Hx[l])=Ax[l] 



Then: 



(i) w{A) > 2w{A') for any A, A' G (g) with A C A'. 

(a) w{6ij{A)) > w{A) for any A G (g) and any i,j& [n] with i < j ■ 



Proof of Lemma [Q (i) Let A, A' G (g) with A C A'. Let B = A'\A. So \B\ > 1. 
For each L G let (t{L) = {z G [n] : (z, a) G L for some a G [cj]}. We have 

(A) > |{l G Cll_^^yLn{[n] X [1]) = A X [1], B C a(L)}| 

/ \ 

E 11(^-1) 



w 



E 11(^^-1)11(^^-1) = 11(^^-1) 

-/M\(AuB)^, fees ee-B beB 

-\r-\A\-\B\) 

{A') JJ(c, - 1) > 2l^l«;(A') > 2?i;(A'). 



b€B 



(ii) Let A G (<]), and let i,j G [n] with i < j. Suppose Sij{A) ^ A. Then j G 
A, ^ ^ A and = U {z}. Let B = A\{j}, So = ('"l^i^yi;-^"), S, = 
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{e G (^"ll'^^f^)) :jeE},£, = {Ee (f"l\(^|^f -.teE}. We have 

w{B u {z}) = n(^^ - 1) = E n(^^ - 1) + E n(^/ - 1) 
= En(^^-i)+En(^/-i)= E n(^e-i) 

DefodG-D Fe£2 f€F ^^(M\{Bu{]})\ eGE 

and hence w{Sij{A)) > w{A). □ 



We now prove Theorem ll.2[ and then we prove Theorem 11.11 

Proof of Theorem 11.21 Let c = (ci, . . . , c„i) and d = {di, . . . , Let X = {X E 

£^J^ : (1, 1) e X} and y = {Y e C'c'^ : (1, 1) G Y}. Let / : Pj"^ ^ such that for 
each a = (ai, . . . , a^) in P^''\ /(a) = {(i, a^) : i G [m], 7^ 0}. Let g : Pj^ ^ 
such that for each b = (61,..., 6„) in pI^\ g{h) = {{j,bj): j G [n], bj ^ 0}. Let 
A = {/(a) : a G A} and = {^(b) : b G fi}. So ^ C C^^^ and B C c'-^l As explained 
in Remark [1.5[ A and S are cross-intersecting, |jCc''^| = |5'c^^|, IjC^^I = |^| = \A\ 

and \B\ = \B\. Thus, the result follows if we show that \A\\B\ < \X\\y\. 
Let g = Let w: ^ ^ N such that for any G eG, 

v{G) = \{L G 4''): Ln([m] x [1]) = G x [1]}|. 

Let H = (f]) . Let w : -H ^ N such that for any H eU, 

w{H) = \{Le Cf:Ln{[n] x [I]) = H x [1]} . 
Let / = max{m, n} and h = max{cm, dn}- Let 

A* = Tl^h O ■ ■ ■ O Tl^2 O ■ ■ • O T2,h O ■ ■ ■ O 12,2 O Li,/, O ■ ■ • O ri,2(^), 
B* = Ti^h O ■ ■ ■ O Ti^2 O ■ ■ ■ O r2,/t O ■ ■ ■ O 12,2 ° ^l,h 0---0 ri,2(i3). 



Now let 



C = {Geg: En {[m] X [1]) = G X [1] for some E E A*} , 
V = {H eU: Fn {[n] x [1]) = if x [1] for some F e B*} . 



So C C ^, D C "H, and by Corollary 14. 2[ C and T) are cross-intersecting. We have 
A* C Ucec{^ e -^c'^ : L n ([m] X [1]) = C X [1]} and B* C Uds©!^ ^ : L n ([n] x 
[1]) = D X [1]}. So 1^*1 < Ecec^iC) = v(^\C) and \B*\ < ^Dev^iD) = 
Since |^| = |^*| and \B\ = \B*\, we therefore have |^| < v^^\C) and \B\ < w^^\V). 
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Let X = {G e g : 1 e G} and J = {H e n-. 1 e H}. By LemmaSSland TheoremEU 

\A\\B\ < v^^\l)w^''\j) = 

= (^J{LeC^:^:Ln{[m]x[l]) = Ix[l]}\^ 

J2\{Le4^-.Ln{[n]x[l]) = Jx[l]}\\ 
\JeJ J 

U{LG£M:Ln([m]x[l]) = Jx[l]} 



lei 



U{Le4^):Ln(Hx[i]) = jx[i]} 



^\\y\ 



as required. 



□ 



Let 



Proof of Theorem II. IL Let c = (ci, . . . , c„) 

A = {{(l,ai), . . . , (ra,a„)}: (ai, 
i3 = {{(l,6i),---,(^,M}: (bu 



,a„) e A}, 
.bn)eB}. 



So A,B C Cc, \A\ = \A\, \B\ = \B\, and as explained in Remark A and B 
are cross-intersecting. Thus, since |£c| = \Sc\, the result follows if we show that 

|^||S|<(^|£e|)'. 

Since |^| < |£c| and \B\ < \Cc\, the result is trivial if Ci = 1. 

Suppose Ci = 2. Let mod* be as in the proof of Corollary I L 41 Let 9 : ^ J^c such 
that 0{E) = {{i, (j + 1) mod* q) : (z, j) G E} for any E G Cc- Clearly, 6^ is a bijection, 
and 6{E) (1 E = ^ for any E G Cc- Thus, since A and B are cross-intersecting, 
e{G) ^ B for any G e A, and hence \B\ < |£e| - |^|- Since < (|^| - ^l^d)^ = 

|^|2-|^||£,| + i|£,|2,wehave|^|(|£e|-|^|) < (i|/:c|)' and hence < (^l^d)'- 

Finally, if Ci > 3, then the result is given by Theorem 11.21 with r = s = m = n and 

{Ci,...,Cm) = idi,...,dn). □ 
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